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= [-0.78539816, -0.04166397,-0.00003954, 0.00262573,-0.00054125, -0.00029333, 0.00013558]
[0.5, -0.56249985, 0.21093573,-0.03954289, 0.00443319, -0.00031761, 0.00001109]
= [0.79788456, 0.00000156, 0.01659667, 0.00017105,-0.00249511, 0.00113653, -0.00020033]
= [-2.35619449, 0.12499612, 0.0000565, -0.00637879, 0.00074348, 0.00079824, -0.00029166]
polyx(a, x): # Horner’s rule polynomial evaluaton
y = al-1]
for i, ai in enumerate(al[-2::-1]):
y =y * x + ai
return y
besl(x):
if -3.0 <= x <= 3.0: # J1(z), Polynomial Approxzimation, P.370, 9.4.4
x3 = x / 3.0
return polyx(a28, x3 * x3) * x
elif 3.0 < x: # Ji(z), Polynomial Approzimation, P.370, 9.4.6
x3 = 3.0 / x
return polyx(a35, x3) / sqrt(x) * cos(x + polyx(ad2, x3))
else:
return 0.0
besz (x):
if -3.0 <= x <= 3.0: # JO(z), Polynomial Approzimation, P.369, 9.4.1
x3 = x / 3.0
return polyx(a07, x3 * x3)
elif 3.0 < x: # JO(z), Polynomial Approzimation, P.369, 9.4.3
x3 = 3.0 / x
return polyx(al4, x3) / sqrt(x) * cos(x + polyx(a2l, x3))
else:
return 0.0
integrate_bessel (f, params):
# set function, # of walues, radius, radial, depth, thickness, modulus, poisson, layer, depths
nss, ar, rr, zz, hs, es, mus, n, hns = params
# 4 point Gaussian Integration at zg points with wg weights
xg, wg = [-0.86113631, -0.33998104, 0.33998104, 0.86113631], [0.34785485, 0.65214515, 0.65214515,

# initialize ax to zs[0] == 0.0 and sum to 0.0 for 4 integrals with nss wvalues

ax, sum = zs[0], [[0.0 for j in range(4)] for i in range(nss)]
if ar < rr:
# J1(zs[3 J * ar / rr) * J0(zs[4% 1), p * ar == zs[1 J * ar / rr
# J1(zs[i + 1] * ar / rr) * JO(zs[i + 1]), p * ar == zs[i + 1] * ar / rr
# J1(zs[3 ] * ar / rr) != 0, JO(zs/[< J) == 0
# J1(zs[i + 1] * ar / rr) != 0, JO(zs[1 + 1]) != 0
# last integration when JO(zs[i]) == 0, Ji(zs[i + 1]) == 0
lastzs = zs[1:] # end on a J1 zero
else:
# J1(zs[4 J) * Jo(zs[4 ]l * rr / ar), p * ar == zs/[3 7
# J1(zs[i + 1]) * JO(zs[t + 1] * rr / ar), p * ar == zs[i + 1]

# J1(zs[1 J) == 0, JO(zs[1 J) =0

0.34785485]



# J1(zs[< + 1]) != 0, JO(zs[i + 1]) == 0
# last integration when J1(zs[i]) == 0, JO0(zs[i + 1]) == 0
lastzs = zs[1:-1] # end on a JO zero
for izs, azs in enumerate(lastzs):
# set bz to mext zs
bx = azs
if ar < rr:
# set bz when ar < rr
bx = bx * ar / rr
dx = (bx - ax) / 2.0
ex = dx + ax
for ixg, axg in enumerate(xg):
pa = dx * axg + ex
p = pa / ar
pr = 0.0
if 0.0 < rr:
pr = p * rr
cx = dx * wglixg]
j1 = besl(pa)
j2 = 1.0
j3 = 0.5
if 0.0 < rr:
j2 = besz(pr)
j3 = besl(pr)/pr
fx = f(p, params) # stress/displacement at Hankel transform value
for i in range(len(fx)):
fxi = fx[i] * cx * j1
sum[i]1[0] += fxi * j2
sum[i] [1] += fxi * j3
sum[i][2] += fxi * j2 / p
sum[i][3] += fxi * j3 * p

# set mext ax to bz
ax = bx
return sum
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# python lists are index zero based, the equation solution in reference is index one based
# functions are used to convert between reference one based indexes and python zero based indezxes
def fp():
return fp.p
def hn(n): # depth of layer
return hn.hns[n - 1]
def th(n): # layer thickness
return th.ths[n - 1]
def ev(n): # layer modulus of elasticity

return ev.evs[n - 1]
def mu(n): # layer poisson’s ratio
return mu.mus[n - 1]

def emu(n): # layer constant
return (1.0 + mu(n)) / ev(n)
# layer comstants, pages 36 - 38
def betal(n):
return emu(n + 1) / emu(n)
def beta2(n):
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return betal(n) - 4.0 * mu(n) + 3.0

beta3 (n):

return 2.0 * fp() * hn(n) - 4.0 * mu(n + 1) + 1.0

beta4 (n):

return 2.0 * fp() * hn(n) + 4.0 * mu(n + 1) - 1.0
betab(n):

return -2.0 * fp() * hn(n) + 4.0 * mu(n) - 1.0

beta6 (n):

return betal(n) * (3.0 - 4.0 * mu(n + 1)) + 1.0
betal2(n):

return beta6(n) - 4.0 * (1.0 - mu(n))

beta7 (n):

return 2.0 * fp() * hn(n) + 4 * mu(n) - 1

beta8(n):

return (beta4(n) * beta2(n) - beta7(n) * beta6(n)) / 2.0
beta9 (n):

return (beta3(n) * beta2(n) + betab5(n) * beta6(n)) / 2.0
betal0(n):

return (betal2(n) - beta7(mn) * (1.0 - betal(n)) * beta3(n)) / 2.0
betall(n):

return (-betal2(n) - betab5(n) * (1.0 - betal(n)) * betad(n)) / 2.0
put_betas(N): # create list of betas
f_betas, betas = [betal, beta2, beta3, betad, betab, beta6, beta7, beta8, beta9, betall,
if N > 1:
for n in range(l, N):
betan = []
for f_beta in f_betas:
betan.append (f_beta(n))

betas.append (betan)
return betas
beta(n, 1i):
return beta.betas[n - 1][i - 1]

# return A constants, with A1 = A5 * exp (-2*p*Hn) and A3 = A6 * exp (-2%p*Hn), page 39

def

def

a(n, i):
if i == 1:

return a.a_s[n - 1][5 - 1] * exp(-2.0 * fp() * hn(n))
if i == 3:

return a.a_s[n - 1]J[6 - 1] * exp(-2.0 * fp() * hn(n))
return a.a_s[n - 1]J[i - 1]

put_ab(n): # create A5, pages 39 - 40

sum = beta(n, 2) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 5)
sum += beta(n, 7) * (beta(n, 1) - 1.0) * a(n + 1, 2)

sum += beta(n, 8) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 6)
sum += beta(n, 10) * a(n + 1, 4)

sum /= 4.0 * (1.0 - mu(mn))

betall,

betal2],

[l



return sum
def put_a2(n): # create A2
sum = beta(n, 5) * (beta(n, 1) - 1.0) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 5)
sum += beta(n, 2) * a(n + 1, 2)
sum += beta(n, 11) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 6)
sum += beta(n, 9) * a(n + 1, 4)
sum /= 4.0 * (1.0 - mu(n))
return sum
def put_a6(n): # create A6
sum = 2.0 * (1.0 - beta(n, 1)) * a(n + 1, 2)

sum += beta(n, 6) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 6)
sum += beta(n, 3) * (1.0 - beta(n, 1)) * a(n + 1, 4)
sum /= 4.0 * (1.0 - mu(n))

return sum
def put_ad4(n): # create A5
sum = 2.0 * (beta(n, 1) - 1.0) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 5)
sum += beta(n, 4) * (beta(n, 1) - 1.0) * exp(-2.0 * fp() * th(n + 1)) * a(n + 1, 6)
sum += beta(n, 6) * a(n + 1, 4)
sum /= 4.0 * (1.0 - mu(n))
return sum
# set walue of ani into A, need to create mnew list to avoid python reusing previous list
def put_ani(ani, n, 1i):
a_s_new = []
for k, r in enumerate(a.a_s):
row = []
for j, ¢ in enumerate(r):
col = c
if k == n -
if j ==
col
row.append (col)
a_s_new.append (row)
return a_s_new
def get_an(n):
return [a(n, 1), a(n, 2), a(n, 3), a(n, 4), a(n, 5), a(n, 6)]
def get_ani(n, i):
return a(n, i)
# set A wvalues of layers
def put_a_s(n):
# indexzes and create functions
a_i , f_i = [5, 2, 6, 4], [put_ab, put_a2, put_a6, put_a4l]
for i, f in enumerate(f_i):
a_s = put_ani(f(n), n, a_il[i]) # set layer A5, A2, A6, A4
= put_ani(0, n, 1) # set layer Al to zero
put_ani (0, n, 3) # set layer A3 to zero

- 1:
ani

[

a.
a. S
a. S

a_
a_



# Solve for A2 and A4 of bottom layer, page 41

def

def

get_a_s():
an = [0.0, 1.0, 0.0, 0.0, 0.0, 0.0] # zero based index, Al to A6
a.a_s = [[0.0 for i in range(6)] for n in range(len(th.ths))]

for i, ani in enumerate(an):
a.a_s = put_ani(ani, len(th.ths), i + 1) # set bottom layer, A
if len(th.ths) > 1:
for n in list(range(l, len(th.ths)))[::-1]: # reverse order
put_a_s(n) # layers > 1

a21, a22, a23, a24 = get_ani(l, 5), get_ani(l, 2), get_ani(l, 6), get_ani(l, 4) # top layer,

an = [0.0, 0.0, 0.0, 1.0, 0.0, 0.0] # zero based index, Al to A6
a.a_s = [[0.0 for i in range(6)] for n in range(len(th.ths))]
for i, ani in enumerate(an):
a.a_s = put_ani(ani, len(th.ths), i + 1) # set bottom layer, A
if len(th.ths) > 1:
for n in list(range(l, len(th.ths)))[::-1]: # reverse order
put_a_s(n) # layers > 1

a4l, a42, a43, a44 = get_ani(l, 5), get_ani(l, 2), get_ani(l, 6), get_ani(l, 4) # top layer, A4

# page 41, 2 = 2 matriz inversion, solved explicitly for A2 and A4 of bottom layer

c2, c3 = exp(-2.0 *x fp() * hn(1)), (a2l * a44 - a24 * a4l + a22 * ad43 - a23 * a42) * (4.0 * mu(1l) - 1.0)
cd = (a23 * ad44 - a24 * a43) * 4.0 * mu(l) * (2.0 * mu(1) - 1.0)

cl = ((a23 * ad41 - a21 * a43) * c2 + (a22 * adl - a21 * a42) * 2.0 + c3 + c4) * c2 + a24 * ad2 - a22 * add
an2 = ((a41 + (2.0 * mu(1)) * a43) * c2 + ad42 - (2.0 * mu(1)) * ad4d) / ci

an4 = -((a21 + (2.0 * mu(1)) * a23) * c2 + a22 - (2.0 * mu(1)) * a24) / ci

an = [0.0, an2, 0.0, an4, 0.0, 0.0] # set bottom layer, A4
a.a_s = [[0.0 for i in range(6)] for n in range(len(th.ths))]
for i, ani in enumerate(an):

a.a_s = put_ani(ani, len(th.ths), i + 1) # set bottom layer, A
if len(th.ths) > 1:

for n in list(range(l, len(th.ths)))[::-1]: # reverse order

put_a_s(n) # layers > 1

f_s_all(p, params): # calulate stresses and displacements for Hankel transform wvariable,

nss, ar, rr, zzZ, hs, es, mus, n, hns = params
fp.p, th.ths, ev.evs, mu.mus, hn.hns = p, hs, es, mus, hns
u, ¢, z = mu(n), emu(n), zz

eph, epz = exp(-2 * fp() * (hn(n) - z)), exp(-fp() * z)
if len(hs) > 1:
beta.betas = put_betas(len(hs))
get_a_s ()
al, a2, a3, a4, ab, a6 = get_an(n)
ab *= eph
a6 *= eph

p



# Hankel transformed stresses and displacements

szz = a2 + adx(fp(O*z - 2¥u + 1) - ab - a6*x(fp(O*z + 2¥u - 1)

srz = a2 + a4*x(fp()*z - 2xu) + ab + ab*x(fp()*z + 2xu)

wz = c*(-a2 - a4*x(fpO*z - 4*u + 2) - ab - ab*x(fpO*z + 4*u - 2))
ur = c*(-a2 - ad4x(fp(Oxz - 1) + ab + ab*(fp(*z + 1))

srr = -a2 - a4x(fp(O*z - 2%xu - 1) + ab + a6x(fp(O*z + 2*xu + 1)

stt = 2%u*ad4 + 2*%ux*xab

sss = -a2 - a4*x(fp(xz - 1) + ab + ab*(fp(*z + 1)

return [sa * epz for sa in [szz, srz, wz, ur, srr, stt, sss]]
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tun MIT License
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FITNESS FOR A PARTICULAR PURPOSE AND NONINFRINGEMENT. IN NO EVENT SHALL THE
AUTHORS OR COPYRIGHT HOLDERS BE LIABLE FOR ANY CLAIM, DAMAGES OR OTHER
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nunn

from math import log, pi, sqrt
from bessel import integrate_bessel
from layer import f_s_all

def put_hn(hs): # H(n)
sum, hns = 0.0, []
for ih in range(len(hs)):
sum += hs[ih]
hns.append (sum)
return hns
def poisson(e):
# empirical relationship between modulus of elasticity and poisson’s ratio
return 0.65 - 0.08 * log(e) / log(10.0)
def get_result(params):
ijO, psi, rr = params
return [-ijO[0][0] * psi, -1jO[1]1[3] * psi * rr, -ijo[2][2] * psi, -ijO[3][1] * psi * rr,
-(1j0[41[0] - ijo[61[1]1) * psi, -(ijO[51[0] + ijo[6]1[1]) * psi]
def get_rr(params):
xwheel, ywheel, xout, yout = params
xrs, yrs, rrs = [1, [1, (]
for i, x in enumerate (xwheel):
Xr, yr = xout - xwheel[i], yout - ywheell[il]
rr = sqrt(xr * xr + yr * yr)
if rr > 0.0:

10



def

def

Xr, yr
else:
xr, yr = 1.0, 0.0
xrs.append (xr)
yrs.append (yr)
rrs.append(rr)
return [xrs, yrs, rrs]
get_radius (params):
opwgt, wgt, psi = params
return sqrt(opwgt * wgt / psi / pi)
run_gels (params):
vehicle, wheels, output, pavement =
opwgt, wgt, psi = vehicle[0], vehic
ar = get_radius ((opwgt, wgt, psi))
xwheel, ywheel, xout, yout = wheels
th, ev, ps = pavement[0], pavement [
hns, rrs, ss = put_hn(th), get_rr ((

xr / rr, yr / rr

for ir in range(len(xwheel)):

xr, yr, rr, lz, iz, zl, z2 = rrs[0][ir],

if len(th) > 1:

for 1ln, zz in enumerate (hns
# top of layer
1z .append (1ln + 1)
z1.append(zz - th[1ln])
z2.append (zz)
ijO = integrate_bessel(
ssh = get_result ((ijo,
# polar to cartesian
sxx = ssh[4] * xr * xr
sxy = ssh[4] * xr * yr
syy = ssh[4] * yr * yr
szz, srz, wz, ur = sshl
for i, s in enumerate ([

results[iz][i] += s

iz += 1
# bottom of layer
lz.append(ln + 1)
z1.append (zz)
z2.append (zz)
ijO = integrate_bessel(
ssh = get_result ((ijo,
sxx = ssh[4] * xr * xr
sxy = ssh[4] * xr * yr
syy = ssh[4] * yr * yr

params

le[1], vehicle[2]

[0], wheels[1],

1], pavement [2]

xwheel, ywheel,

[:-11):

f_s_all,
psi, rr))

+ ssh[5]
- ssh[5]
+ ssh[5]

output [0],

xout, yout)), []
results = [[0.0 for j in range(7)] for i in range((len(th) - 1) * 2 + 1)]

rrs[1][ir], rrs([2][ir],

(7, ar, rr,

* yr * yr
* Xr * yr
* Xr * XTI

0], ssh[1], sshl[2],

SXX, SXY,

f_s_all,
psi, rr))
+ ssh[5]
- ssh[5]
+ ssh[5]

syy, szz,

(7, ar, rr,

* yr * yr
* Xr * yr
* Xr * XTI

11

zz - th[1ln],

ssh [3]
srz, wz, url):

output [1]

(1,

th,

zz, th, ev, ps,

o, (1,
ev, ps,
1n + 1,

(]

In + 1,

hns))

hns))



def

def

def

szz, srz, wz, ur = ssh[0], ssh[1], ssh[2], ssh[3]
for i, s in enumerate ([sxx, sXy, 8syy, szz, srz, wz, ur]):
results[iz][i] += s
iz += 1
# top of lowest layer
1z . append (len(th))
z1.append (hns [-1] - th[-11)
z2.append (hns [-1])
ijO = integrate_bessel(f_s_all, (7, ar, rr, hns[-1] - th[-1], th, ev,
ssh = get_result((ijO, psi, rr))
sxx = ssh[4] * xr * xr + ssh[5] * yr * yr
sxy = ssh[4] * xr *x yr - ssh[5] * xr * yr
syy = ssh[4] * yr x yr + ssh[5] * xr * xr
szz, srz, wz, ur = ssh[0], ssh[1], ssh[2], ssh[3]
for i, s in enumerate([sxx, sxy, syy, szz, srz, wz, ur]):
results[iz] [i] += s
iz += 1
for ih in range(len(lz)):
SXX, SXy, syy, szz, srz, wz, ur = results[ih]
ss.append ([1z[ih], =z1[ih], z2[ih], sxx, sxy, syy, szz, srz, wz, ur])
return ss
print_results(ssa):
print (’n\tz1\tz2\tsxx\tsxy\tsyy\tszz\tsrz\twz\tur’)
for sa in ssa:
print (sa)
print )
print_gels (params):
print (’Vehicle\tWheels\tOutput\tPavement’)
for param in params:
print (param, ’\t’, end=’’)
print O
results = run_gels (params)
print_results (results)
return results
hdes(vehicle, wheels, output, pavement, esubs, ths, layer_th, 1ayer_str):
results_str = []
results_wz = []
for th in ths:
result_str = []
result_wz = []

for es in esubs:
# set thickness
pavement [0] [layer_th - 1] = th
# set subgrade modulus of elasticity
pavement [1][-1] = es
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# set subgrade poisson’s ratio
pavement [2] [-1] = poisson(es)

results = run_gels ((vehicle, wheels, output, pavement)) # quiet mode, else use print_gels

# stress at bottom of layer_str at output location, maz of szxr, SYY
result_str.append (max(results[(layer_str - 1) * 2 + 1][3], results[(layer_str - 1) * 2 + 1]1[5]))

# surface deflection at output location
result_wz.append (results [0] [8])
# save each result for all wvalues of subgrade modulus of elasticity
results_str.append(result_str)
results_wz.append(result_wz)
return results_str, results_wz
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